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Equations for cosmological evolution are formulated in a Weyl invariant formalism to take into
account possible Weyl anomalies. Near two dimensions, the renormalized cosmological term leads to
a nonlocal energy-momentum tensor and a slowly decaying vacuum energy. A natural generalization
to four dimensions implies a quantum modification of Einstein field equations at long distances. It
offers a new perspective on time-dependence of couplings and naturalness with potentially far-
reaching consequences for the cosmological constant problem, inflation, and dark energy.
To define a path integral over metrics in a quantum
theory of gravity, one must introduce a regulator. Since
the metric itself is a dynamical field, it is not clear in
which metric to regularize and renormalize the theory,
and how to ensure that the resulting answer is coordinate
invariant and background independent. For this purpose
it is convenient to enlarge the gauge symmetry to in-
clude Weyl invariance in addition to general coordinate
invariance. This can be achieved by introducing a Weyl
compensator field and a fiducial metric which scale ap-
propriately keeping the physical metric Weyl invariant.
The number of degrees of freedom remains the same upon
imposing Weyl invariance. The path integral can now be
regularized and renormalized using the fiducial metric.
A Weyl-invariant formulation has an important con-
ceptual advantage because it separates scale transforma-
tions from coordinate transformations. The path integral
can be regularized maintaining coordinate invariance at
the quantum level. Weyl invariance can have potential
anomalies in the renormalized theory but since it is a
gauge symmetry all such anomalies must cancel. Co-
ordinate invariance of the original theory then becomes
equivalent to coordinate invariance plus quantum Weyl
invariance of the modified theory. This procedure is well-
studied in two dimensions where the Liouville field plays
the role of the Weyl compensator and quantum Weyl in-
variance implies nontrivial scaling exponents.
There are both theoretical and phenomenological mo-
tivations to develop a Weyl-invariant formulation of grav-
ity in higher dimensions, especially in the context of cos-
mology. Our chief theoretical motivation is to formulate
the cosmological constant problem [1] in a manifestly
gauge invariant way. The problem is usually stated in
the language of effective field theories as a ‘naturalness
problem’ analogous to the Higgs mass problem in elec-
troweak theory or the strong-CP problem in quantum
chromodynamics. The cosmological constant is the cou-
pling constant of the identity operator added to the ef-
fective action. Since the identity has dimension zero, the
cosmological constant term is the most relevant operator
and should scale as Md0 in d space-time dimension where
the ultraviolet cutoff scale M0 is at least of the order of a
TeV. To reproduce the observed scale of the cosmological
constant of the order of an meV, it is necessary to fine
tune the bare vacuum energy.
This formulation of the cosmological constant problem
is not entirely satisfactory. While the generation of the
cosmological constant in the effective action depends only
on short-distance physics, its measurement relies essen-
tially on long-distance physics spanning almost the entire
history of the universe. The physics of the cosmologi-
cal constant thus spans more than a hundred logarith-
mic length scales. Moreover, all scales are evolving in a
cosmological setting, and there is no preferred time for
setting the cutoff in a manner that respects coordinate
invariance. Thus, even to pose the cosmological constant
problem properly, it is desirable to develop a formalism
that accesses all time-scales in a gauge-invariant fashion.
A chief phenomenological motivation is to explore the
possibility of effective time variation of vacuum energy.
There is a substantial body of cosmological evidence for
a slowly varying vacuum energy which is believed to have
been responsible for an inflationary phase of exponential
expansion in the very early universe. Observations of
cosmic microwave background radiation indicate that the
power spectrum generated during inflation is not strictly
scale-free but has a slight red tilt. This implies that vac-
uum energy was not strictly constant but was slowly de-
caying during the inflationary era. Cosmological data
also indicates that 69% of present energy density is in
the form resembling vacuum energy. Time variation of
dark energy is not established observationally at present
but could be observed in planned observations. Any the-
oretical insight into the magnitude, equation of state, and
time dependence of dark energy is clearly desirable.
Slowly varying vacuum energy can be represented by
a cosmological constant Λ to first approximation. How-
ever, any time variation cannot be reintroduced simply
by making Λ time-dependent because that would not
be coordinate-invariant. A simple way to obtain time-
dependent vacuum energy is to represent it by a slowly-
rolling condensate of a scalar field. This idea is central
to most current models of varying vacuum energy. Such
a slowly-rolling field is called the ‘inflaton’ during the in-
2flationary era and ‘quintessence’ during the present era.
Models with scalar fields have the virtue of simplicity,
but among the plethora of models none is particularly
more compelling than the others; and our understanding
of many questions of principle such as the initial value
problem or the measure problem is less than satisfactory.
The puzzles regarding the cosmological constant, in-
flation, and dark energy all concern the nature of slowly
varying vacuum energy. Occam’s razor suggests that per-
haps the essential underlying physics is governed by the
same fundamental equations. With these motivations, I
develop a Weyl-invariant formulation of quantum cosmol-
ogy to explore the possibility of slowly evolving vacuum
energy that does not rely on fundamental scalars.
I start with a Weyl-invariant reformulation of classical
general relativity in d spacetime dimensions by introduc-
ing a Weyl compensator field Ω and a fiducial metric hµν .
Given a UV cutoff M0, the reduced Planck scale Mp and
the cosmological constant Λ correspond to dimensionless
‘coupling constants’ κ2 and λ defined by:
Md−2p :=
Md−20
κ2
Λ := λκ2M20 . (1)
The gravitational action IK [h,Ω] is given by
Md−20
2κ2
∫
dx e(d−2)Ω[Rh + (d− 2)(d− 1)|∇Ω)|2] (2)
where all contractions are using the metric h and dx :=
ddx
√−h. The cosmological term is given by
IΛ[h,Ω] = −Md−2p Λ
∫
dx edΩ = −λMd0
∫
dx edΩ . (3)
All terms are coordinate invariant. Both IK and IΛ
are separately invariant under Weyl transformations:
hµν → e2ξhµν , Ω→ Ω− ξ . (4)
Consequently both IK and IΛ satisfy the Ward identities
for coordinate invariance:
∇ν( −2 δIa√−h δhµν )−
1√−h
δIa
δΩ
∇µΩ ≡ 0 (a = K,Λ) , (5)
and for Weyl invariance:
hµν(
−2 δIa√−h δhµν )−
1√−h
δIa
δΩ
≡ 0 (a = K,Λ) . (6)
The physical metric gµν := e
2Ωhµν is Weyl invariant. In
the ‘physical’ gauge we have Ω = 0 and hµν = gµν and
(2) reduces to the Einstein-Hilbert action.
Consider a homogeneous and isotropic universe de-
scribed by a spatially flat Robertson-Walker metric with
scale factor a(t), filled with a perfect fluid of energy den-
sity ρ and pressure p. The classical evolution of the uni-
verse is governed by the first Friedmann equation
H2 =
2κ2ρ
(d− 2)(d− 1)Md−20
(7)
and the conservation equation
ρ˙ = −(d− 1)(p+ ρ)H . (8)
For a perfect fluid with a barotropic equation of state
p = wρ, the solutions to (7) and (8) are given by
ρ(t) = ρ∗(
a
a∗
)−γ , a(t) = a∗(1 +
γ
2
H∗t)
2
γ , (9)
where ρ∗, H∗, a∗ are the initial values of various quanti-
ties at t = 0, and γ := (d − 1)(1 + w). For the classical
tensor of the cosmological term, ρ∗ = λ∗M
d
0 , w = −1,
and γ = 0. As γ → 0, the solution approaches nearly
de Sitter spacetime with nearly exponential expansion
and nearly constant density. Note that the cosmological
evolution equations depend analytically on d, so one can
‘analytically continue’ the FLRW cosmologies.
Weyl invariance has potential anomalies at the quan-
tum level. To gain intuition about these anomalies, we
first consider spacetime near two dimensions, d = 2 + ǫ.
To order ǫ, the total action I without matter is given by
q2
4π
∫
dx
(Rh
ǫ
+ |∇Ω|2 +RhΩ− 4πλM
2
0
q2
e2Ω
)
(10)
where the coupling constant q defined by
q2 :=
2πǫ
κ2
(11)
is held fixed as ǫ → 0. With χ := qΩ and µ = λM20 ,
and ignoring the first term which depends only the fidu-
cial metric, (10) is precisely the two-dimensional Liouville
action with background charge q:
I[χ] =
1
4π
∫
dx
(|∇χ|2 + q Rh χ− 4πµ e2βχ) . (12)
The field χ is sometimes called the ‘timelike’ Liouville
field because the kinetic term has a wrong sign, as ex-
pected for the conformal factor of the metric. Classical
Weyl invariance implies β = 1/q, but this relation re-
ceives quantum corrections because the operator e2βχ is
a composite operator with short-distance singularities. It
can be renormalized treating χ as a free field [2] with the
Green function G2 of the Laplacian ∆2:
∆x2 G2(x, y) = δ2(x, y) . (13)
There is a short-distance divergence arising from self-
contractions which combine into an exponential of the co-
incident Green function G2(x, x). This divergence can be
regularized by using a heat kernel with a short-time cut-
off. Renormalization then consists in subtracting a loga-
rithmically divergent term from the regularized G2(x, x).
This procedure is manifestly local and coordinate invari-
ant. In two dimensions, any metric is conformal to the
flat metric ηµν : hµν = e
2Σηµν . The renormalized opera-
tor Oh(x) := [e2βχ]h depends on the fiducial metric used
for regularization and satisfies
Oh(x) = e−2β
2Σ(x)Oη(x) . (14)
3The scalar Σ is a nonlocal functional of the metric:
Σ[h](x) :=
1
2
∫
dy G2(x, y)Rh(y) . (15)
The defining property of Σ is its Weyl transformation
Σ[h]→ Σ[h] + ξ when hµν → e2ξ hµν . (16)
Hence the renormalized operator has anomalous dimen-
sion 2β2. The total Weyl variation is given by
Oh → e−2(βq+β
2)ξOh . (17)
The renormalized cosmological term is
IΛ = −µ
∫
dxOh(x) . (18)
Weyl invariance of IΛ now implies
2βq + 2β2 = 2 or q =
1
β
− β and β = 1
q
+ . . . . (19)
It is illuminating to interpret these results in terms of
a quantum effective action. In operator formalism, the
renormalization of the cosmological operator corresponds
to normal ordering in the conformal vacuum defined us-
ing the Klein-Gordon inner product in the metric ηµν .
Evaluating the operator equation (14) around a classical
background field Ω in the conformal vacuum and by us-
ing (19) and (18), we obtain the quantum effective action
that replaces the classical action (3):
IΛ = −µ
∫
dx e2Ω e−2β
2(Ω+Σ) . (20)
The term depending on Σ encapsulates the anomalous
dimension of the operator and is nonlocal. The corre-
sponding momentum tensor is
TΛµν(x) = −µ (1− β2)hµνOh(x) + 2µβ2Sµν(x) (21)
where Sµν is nonlocal and traceless:
Sµν(x) =
∫
dy
[
∇xµ∇xν −
1
2
hµν ∇x · ∇x
]
G2(x, y)Oh(y)
+
∫
dy dz
[
∇x(µG2(x, y)∇xν)G2(x, z) (22)
−1
2
hµν(x)h
αβ(x)∇xα G2(x, y)∇xβ G2(x, z)
]
Oh(y)Rh(z) .
The nonlocality of the momentum tensor reflects the non-
locality of the action (20) and is in line with the inter-
pretation of anomalies as the effect of regularization that
cannot be removed by local counterterms. Since (Ω+Σ)
is a Weyl-invariant scalar, the action (20) satisfies both
Ward identities (5) and (6) and the quantum momentum
tensor (21) is conserved.
The total quantum action in physical gauge is given by
I[g] =
M2p
2
∫
d2+ǫx
√−g
[
Rg − 2Λe−2β
2Σ[g]
]
. (23)
The right-hand side of Einstein field equations now has a
nonlocal momentum tensor. Correspondingly the Fried-
mann equations are replaced by new nonlocal integro-
differential equations for cosmological evolution. One
might worry that the nonlocality would lead to ghosts
and causality violations. However, one must use the in-in
effective action in the Schwinger-Keldysh formalism and
not the in-out effective action. The corresponding bound-
ary conditions naturally lead to retarded Green functions
instead of Feynman propagators, thus ensuring causality
of the quantum cosmological evolution.
For a spatially-flat Robertson-Walker metric, the sec-
ond term in Sµν vanishes and only time derivatives
contribute to the first term. Consequently, the quan-
tum momentum tensor evaluated on the Robertson-
Walker ansatz turns out to be local, corresponding to
a barotropic fluid with wΛ = −1 + 2β2 or γ = 2β2. Us-
ing (9) we arrive at a dramatic conclusion that the vac-
uum energy decays and the effective coupling constant λ
evolves as the universe expands:
ρ(t) = ρ∗(
a
a∗
)−2β
2
or λ(t) = λ∗(
a
a∗
)−2β
2
. (24)
This provides a dynamical mechanism for the relaxation
of the ‘cosmological constant’.
One expects that a composite operator like the deter-
minant of the metric will have anomalous dimension even
in four dimensions. The quantum action (23) suggests a
natural generalization to four dimensions. Consider the
Weyl-covariant quartic operator [3–5] defined by
∆4 := ∇4 + 2Rµν ∇µ∇ν + 1
3
(∇µR)∇µ − 2
3
R∇2 (25)
and the corresponding Green function G4 satisfying:
∆x4 G4(x, y) = δ4(x, y) . (26)
Then Σ which transforms as in (16) is given by
Σ[h] := 14
∫
dy G4(x, y)F4(y) ; (27)
F4 := RµναβR
µναβ − 4RµνRµν +R2 − 23∇2R . (28)
Using these ingredients I propose a generalization of the
Einstein-Hilbert action in the physical gauge:
I[g] =
M2p
2
∫
d4x
√−g
[
e−γKΣ[g]Rg − 2Λ e−γΛΣ[g]
]
(29)
where γK and γΛ are the anomalous dressings.
The resulting equations of motion are nonlocal and
the momentum tensor has a complicated expression. Re-
markably, for the Robertson-Walker metric, the momen-
tum tensor simplifies again describing a barotropic per-
fect fluid with w = −1 + γ/3 and γ = γΛ − γK . Thus
vacuum energy decays slowly for small positive γ. The
slow-roll parameters are of order γ [6].
4The ansatz (29) is motivated by the considerations of
renormalization and quantum Weyl invariance. It would
be important to compute the anomalous gravitational
dressings in four dimensions from first principles. Even
in two dimensions, such a computation is nontrivial. The
use of free Green function (13) is justified ultimately by
exact results obtained using conformal bootstrap. Anal-
ogous methods are not available in four dimensions, but
we expect that semiclassical computations should be fea-
sible and reliable on cosmological scales. From general
renormalization group considerations, we expect non-
vanishing anomalous dressings for any composite oper-
ator and the corresponding metric dependence through
Σ. Since anomalous dressings in general can be scale
dependent, they could be arbitrary functions of Σ [6].
In Liouville theory, an operator Oi of mass dimension
∆i can be coupled in a Weyl invariant way with an action
Ii = −λiM2−∆i0
∫
dxOi e(2−∆i)Ωe−γi(Ω+Σ) . (30)
Here γi is the ‘anomalous gravitational dressing’ which
is the anomalous dimension of the composite operator
[Oi e(2−∆i−γi)Ω]. For the identity operator, ∆Λ = 0 and
γΛ = 2β
2. Another example is the mass term for a
fermion corresponding to the operator ψ¯ψ with ∆F = 1:
IF = −λmM0
∫
dx
[
ψ¯ψe2αqΩ
]
. (31)
Weyl invariance implies
2αq + 2α2 = 1 . (32)
and the anomalous dressing is γF = 2α
2.
In four dimensions, one expects similar anomalous
dressings for matter. This has a striking consequence in
an expanding universe: dimensionless ratios determined
by naive mass dimensions can change with time. For
example, for the 2d fermion mass we have
λm(t) = λm∗(
a
a∗
)−2α
2
. (33)
This anomalous time evolution is similar to the slow time
decay of vaccum energy (24). Even though the fermion
mass and vacuum energy are of order one at the cutoff
scale M0 in the beginning, their effective values today
can be smaller because of the anomalous time evolution.
I propose a ‘Cosmological Naturalness Principle’: “If
there is a very small dimensionless parameter occurring
in nature, then the anomalous gravitational dressing of
the associated operator in the effective action is such
that the smallness of the parameter is a consequence of
its anomalous time evolution in an expanding universe.”
Lack of evidence for supersymmetry thus far could be an
indication that the Higgs mass problem has a primarily
cosmological explanation. This would allow for a higher
scale of supersymmetry breaking. It would be interest-
ing to compute the relevant gravitational dressings in the
microscopic theory. Since gravitational dressings depend
on the microphysics, their cosmological manifestations
would provide a useful IR window into the UV physics.
Even a tiny positive γ would solve the cosmological
constant problem with vanishingly small vacuum energy
at late times. More generally, the mechanism of vacuum
energy decay could have far-reaching consequences for
our understanding of inflation and dark energy. Slowly
decaying vacuum energy in the early universe with small
γ can drive slow-roll inflation without an inflaton field.
By itself, it would lead to an empty universe, but with
matter fields, one can imagine scenarios for a ‘graceful
exit’ into a hot big bang. For example, there can be a
phase transition with large latent heat triggered by the
mass-squared of a scalar field turning negative, to start
a radiation-dominated hot big bang.
Such ‘inflation without the inflaton’ driven by the dy-
namics of the Omega field could be called ‘Omflation’.
It seems though that unless the vacuum energy is much
smaller than the radiation energy after the latest phase
transition, it would dominate radiation too soon to be
compatible with big bang nucleosynthesis. At late times
γ may be too small, of order GΛ. Since the omflaton is
a gauge degree of freedom, primordial scalar curvature
perturbations would have to be generated by curvaton-
like scalars [7]. It thus remains to be seen whether one
can construct a consistent evolution of the universe that
incorporates omflation followed by a big bang to termi-
nate with a small remnant dark energy, and whether γ
can be large enough during this evolution in the micro-
scopic theory. At any rate, with our novel mechanism for
vacuum energy decay, it becomes a dynamical question.
The new action (29) implies a quantum modification
of Einstein field equations at long distances and possi-
bly observable deviations from the predictions of Einstein
Gravity. It also predicts mild time-dependence for dark
energy today which could be detectable if the anomalous
dressings are sufficiently large. Gravitational dressings of
other fields can lead to slow variations of coupling con-
stants over time which could be constrained by observa-
tion and may possibly be detectable. A detailed analysis
of the theoretical and observational implications will be
presented in forthcoming publications [6].
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